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PROBABILITY SPACE



SAMPLE SPACE, SIGMA-FIELD AND PROBABILITY MEASURE

( Ω,  ℱ,  ℙ )

1/5 Probability Space

sample space# I T ipiobabifty measure↳ possible 5- field ↳ measuresoutcomes ↳ collection events ' mass

of events



A COIN TOSS

Ω = {H, T}

1/5 Probability Space

ℱ = {∅, {H, T}, {H}, {T}}
ℙ =

← two possible outcomes

,
DUKAT's) PETH's)=¥

fair urn biased coin



A COIN TOSS

1/5 Probability Space
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EVENTS COLLECTION

1/5 Probability Space

ℱ➤ Let       be a collection of events, formally, a sigma field. 

➤    
➤   
➤  

∅ ∈ ℱ
A ∈ ℱ ⟹ Ac ∈ ℱ
Ai ∈ ℱ ⟹ ∪i∈ℕ Ai ∈ ℱ

F

et



PROBABILITY MEASURE

1/5 Probability Space

➤ Let       be a probability measure. 

➤    
➤   

➤  If the Bi are disjoint events, 

ℙ : ℱ → [0,1]
ℙ(∅) = 0, ℙ(Ω) = 1

ℙ

ℙ(∪i∈ℕBi) = ∑
i∈ℕ

ℙ(Bi)-

④ ④



PROBABILITY MEASURE

1/5 Probability Space

ℙ(A ∪ B) = ℙ(A) + ℙ(B) − ℙ(A ∩ B)
AND

A
of B



CONDITIONAL 
PROBABILITY



CONDITIONAL PROBABILITY 

2/5 Conditional Probability

The Monty Hall Show 
➤ You have to choose one box among 9.  
➤ 8 boxes hide a goat. 1 box hides one million $. 

choose
the host
reveals §y y

should
↳A 7 AH *⇒÷. EE:*. You Aboxes

with keep
→*¥¥⇒*¥¥⇒*¥¥÷→
goats yourFB PI box 2¥⇒÷. ⇒:* or so

switch ?



CONDITIONAL PROBABILITY 

ℙ(A |B) = ℙ(A ∩ B)
ℙ(B)

2/5 Conditional Probability

PCB I A)

PCA I B) = PLAN B)
-

⇒
= "YpBf¥- PutsPCB)



BAYES' RULE

ℙ(A |B) = ℙ(B |A) ℙ(A)
ℙ(B)

2/5 Conditional Probability



INDEPENDENCE

➤ Two events are independent if the occurence of not does 
not influence the occurence of the other one.

ℙ(A |B) = ℙ(A)

ℙ(A ∩ B) = ℙ(A) × ℙ(B)

2/5 Conditional Probability

PCAIB)=
PLANB)
¥
= IPLAJIPCBJIPCB)



LAW OF TOTAL PROBABILITIES

ℙ(A) =
n

∑
i=1

ℙ(A ∩ Bi) =
n

∑
i=1

ℙ(A |Bi) × ℙ(Bi)

2/5 Conditional Probability



COVID TESTING

2/5 Conditional Probability

Interpreting a positive result. . .

±FThas Fo chances of being sick .. .
The test gives of false negative

and I false positive .

t.FI#tested t
.
what is the IP that t.FI#is side ?



COVID TESTING

2/5 Conditional Probability

t lpcsickl -①)=lPC⑦l sick)lPCs

qq.ETJT.pe
sickos - Bagshaw "" to)

⇒ not side +
* PC④lg.de/=0.9alPCsick)--0.2⇒

-

a IPL -107=117+01 side)PCsick)
law of Ipc ④lnotsn.de/PCnd- side)
total probability

( side -①)= 0.9×0.2
18

¥270.8
=#

= ¥ = 0.43



RANDOM VARIABLES



RANDOM VARIABLES

3/5 Random Variables

➤ Let X be a function  

➤    
➤  such that 

X : Ω → ℝ
{w |X(w) ≤ c} ∈ ℱ
¢
a possible
outcome



ROLL TWO DICES

3/5 Random Variables

I =L Li, j ) E E 1,6 D '}
A fol, R, yes, Hey , - - - J = 2h
IP( ii) -- 1/36 ← uniform probability measure

X ( Lisi 's) -- it j ← sum of the dice rolls

Y(hi,it) -- max (i.j) ← maximum dice roll



ROLL TWO DICES

3/5 Random Variables

disjoint events

IPC { w/ Xcw) E 33) =P ( Lee, 12,213¥ IP(H) + Pll2) + BED
"

IPC X ⇐ 3)
" uniform - = 3/36

probability

IPLLWIYCW) = 63) =P(41958484,88; 663)
" IPC 4=6 )

" = 11136 (disjointevents + up)



ROLL TWO DICES

3/5 Random Variables

(X- t) -- O pCX=k)= 6- the -71

M (X -- e) = 1136 -3g-_ Px (K)

1421 PCA -- 37=2136 probability
: n law of X

16,25361pct -- 7) = 6/36

PCA.ie) -- 436 ¥i÷÷i→



ROLL TWO DICES

3/5 Random Variables

IP (4=6 ) -- "136 PLY-
-

k) = 23ft -- Dyck)
F' E- E's FTP( 4=57--9136
55 probability

IPC f- 47=7/36 law of Y
PC 4=3) = 5/36
PCE 2) = 3136
PC 4=17--1/36



PROBABILITY LAW

3/5 Random Variables

ℙ({w |X(w) = c}) = ℙ(X = c) = ℙX(c)



DISCRETE AND CONTINUOUS RANDOM VARIABLES

3/5 Random Variables

➤ Discrete Random Variable 
assumes a countable number 
of distinct values.

➤ Continuous Random Variable 
assumes values within intervals.

ℙ(X ≤ x) = FX(x) = ∫
x

−∞
fX(t)dtℙ(X = x)

toast
'

-

×. D

Pi E E E E E E

×. D
l l l l l l

Xi O 1 2 3

l l
l L

Xi O 1 2 3

l l
l L

Pi 5 5 5- J

P(X = 1) = P(X = 2) = . . . = 1
6

En
⇐

area =
Zoo × 1

¥#⇒Ma
= 20ox÷

area =
Zoo × 1

too

P(a < X < b)



DISCRETE RANDOM VARIABLES

3/5 Random Variables

Distribution Sample Space Probability Distribution

Bernouilli

Binomial

Poisson

Xntsercp) { 0,1 ) lP(X=1) =p

Xv Binh
, p) th . . . ,

n ) lP(X=k)=(an)pkG-p)
"-K

X - Poicd) IN pCX=k) -- e-
' th
K !



CONTINOUS RANDOM VARIABLES

3/5 Random Variables

Distribution Sample Space Probability Distribution

Uniform

Exponential

Gaussian

X~bca.to) [ a
,
b ] PHent-f-IYxeea.bg fxW=MI

Xnexp (t) Rt PHent.t-e-kfxcnt.be -

t "

X~N(µ, @2) IR f×H=÷⇒expf 's ':*)



EXPECTATIONS AND 
VARIANCE



➤ Probability to get 1 is 1/6 
➤ Probability to get 2 is 1/6 
➤ … 
➤ Probability to get 6 is 1/6 
 

'aiming
E[X] = 1. 1

6 + 2. 1
6 + 3. 1

6 + 4. 1
6 + 5. 1

6 + 6. 1
6 = 3.5

4/5 Expectation and Variance

EXPECTATION



EXPECTATION

4/5 Expectation and Variance

E[X] =
n

∑
i

xiP(X = xi)

➤ Discrete Random Variables ➤ Continuous Random Variables

E[X] = ∫
∞

−∞
xfX(x)dx

E[g(X)] =
n

∑
i

g(xi)P(X = xi) E[g(X)] = ∫
∞

−∞
g(x)fX(x)dx



LINEARITY OF EXPECTATION

4/5 Expectation and Variance

W = aX + bY + c

E[W] = aE[X] + bE[Y] + c



VARIANCE

4/5 Expectation and Variance

Var(X) = E[(X − E[X])2]

SD(X) = σX = Var(X)

constant

linearity = ETC X' - 2X ETT) t EA )2)
A b

=
E ( X') - 2 THX) ECX) t EICX)'expectation

= Et C X
') - E CX) 2



VARIANCE

4/5 Expectation and Variance

W = X + b

Var(W) = Var(X)

¥:c::: :

⇐a

÷÷.

¥:c::: :

⇐a

÷÷.
>see



VARIANCE

4/5 Expectation and Variance

W = X + b

Var(W) = a2Var(X)

σW = |a |σX



DISCRETE RANDOM VARIABLES

Distribution Expectation Variance

Bernouilli

Binomial

Poisson

4/5 Expectation and Variance

p pCl-p)

hp hp (t - p)
x x



CONTINOUS RANDOM VARIABLES

Distribution Expectation Variance

Uniform

Exponential

Gaussian

4/5 Expectation and Variance

btza (bee)
'

12

J - I y
- 2

te se



COVARIANCE

4/5 Expectation and Variance

Cov(X, Y) = E[(X − E[X])(Y − E[Y])]

−1 < corr(X, Y) = COV(X, Y)
σXσY

< 1



COVARIANCE

4/5 Expectation and Variance

W = aX + bY

Var(W) = a2Var(X) + b2Var(Y) + 2abCOV(X, Y)



GAUSSIAN DISTRIBUTION



NORMAL DISTRIBUTION

➤ The most frequently occurring distribution 
➤ Symmetric. Bell-shaped curve.  
➤ More likely to take on values close to the mean

5/5 Gaussian

0(μ, σ2)
I t

mean variance



NORMAL DISTRIBUTION

➤ Z~N(0,1)

5/5 Gaussian



NORMAL DISTRIBUTION

5/5 Gaussian



NORMAL DISTRIBUTION

i
P(Z < − 2) = P(Z > 2)
P(Z > − 2) = P(Z < 2)

5/5 Gaussian



QUANTILES

P(Z < qα) = 1 − α

5/5 Gaussian

P( |Z | > qα/2) = α

i



NORMAL DISTRIBUTION

➤ Z ~ N(0,1)          X = σZ + μ  
➤ Find E[X] and Var(X) 
➤ X = σZ + μ ~ N(μ,σ2) 

➤ X ~ N(μ,σ2)         Z = (X - μ)/σ = (1/σ)X - μ/σ 
➤ Find E[Z] and Var(Z) 
➤ Z = (X - μ)/σ ~ N(0,1)

5/5 Gaussian



CENTRAL LIMIT THEOREM

5/5 Gaussian

Xi➤ Let         be n iid random variables. 
➤ Let        and        be the expectation and variances of     . 

CENTRAL LIMIT THEOREM

μ σ2 X

n
X̄n − μ

σ
  (d)

n→∞
 0(0,1)



MULTIVARIATE GAUSSIAN

5/5 Gaussian

X n NC n, oz)

IP( a c X c b) =
IP( a -n e X -p e b - p)
=P(AI e Att e bye)
u

vco, D



MULTIVARIATE GAUSSIAN

5/5 Gaussian

X = ( fin '

) where Xi n NCth ' if 2)
such that taek"

,
atX is a

Gaussian .

couch -
- lava.im?.....n=f9:

"" ""

I:c
t
positive - semi definite !



STATISTICS

➤ Estimation and Estimators 
➤ Hypotheses testing  
➤ Confidence Intervals  
➤ Linear Regression 
➤Examples



ESTIMATION AND 
ESTIMATORS



EMPIRICALPROBABILISTIC

➤ Probability to get 1 is 1/6 
➤ Probability to get 2 is 1/6 
➤ … 
➤ Probability to get 6 is 1/6

An underlying law 
governs a phenomenon. 

Experiments allow to 
uncover that law. 

'aiming 'aiming'aiming'aiming'aiming'aiming'aiming'aiming'aiming'aiming'aiming'aiming'aiming
➤ 1, 1, 2, 3, 3, 4, 4, 5, 5, 6, 6, 6

1/4 Estimation



EMPIRICAL
➤ Conduct and experiment, compute 

estimators of the quantities of 
interest.

➤ Recover the parameters of the 
distribution, for example the 
expected value and the variance 

➤ Use the estimators computed 
empirically 

➤ Test whether the estimator is 
consistent with a prior 
hypothesis 

ESTIMATION
E[X] = X1 + . . + +Xn

n

Var(X) = (X1 − E[X])2 + . . . + (Xn − E[X])2

n − 1

1/4 Estimation

PROBABILISTIC



EMPIRICAL
➤ X1, X2, …, Xn describe an experiment 
➤ X1, X2, …, Xn are characterised by 

experimental values  
➤ E[X] is the empirical expected value, 

computed from the data  

➤ Var(X), COV(X,Y)… are computed 
from the data 

➤ X model a phenomenon 
➤ X is characterized by a 

probability distribution 
➤ E[X] is the expected value, 

computed from the probability            

➤ Var(X), COV(X,Y)… are 
computed from the probability

E[X] = X1 + . . + +Xn

n
E[X] =

n

∑
i

pixi

1/4 Estimation

PROBABILISTIC



EMPIRICAL

➤ Probability to get 1 is 1/6 
➤ Probability to get 2 is 1/6 
➤ … 
➤ Probability to get 6 is 1/6 
 

'aiming 'aiming'aiming'aiming'aiming'aiming'aiming'aiming'aiming'aiming'aiming'aiming'aiming
➤ 1, 1, 2, 3, 3, 4, 4, 5, 5, 6, 6, 6

E[X] = 1. 1
6 + 2. 1

6 + 3. 1
6 + 4. 1

6 + 5. 1
6 + 6. 1

6 = 3.5 E[X] = 1 + 1 + 2 + 3 + 3 + 4 + 4 + 5 + 5 + 6 + 6 + 6
12

E[X] = 1. 1
6 + 2. 1

12 + 3. 1
6 + 4. 1

6 + 5. 1
6 + 6. 3

12 = 3.8

1/4 Estimation

PROBABILISTIC



ESTIMATORS

1/4 Estimation

( {0,1}, (Ber(p))p∈[0.2,0.4] )

➤ Let X1, X2, …, Xn be data points from the experiment.  
➤ Let's define an estimator for p: 

̂pn =
∑n

i=1 Xi

n

El pin) -- E(XD =p
Epi is unbiased

VarCpi ).. P
h



ESTIMATORS

1/4 Estimation

( ℝ+, (3[a, a + 1])a>0 )

➤ Let X1, X2, …, Xn be data points from the experiment.  
➤ Let's define an estimator for a: 

̂an =
∑n

i=1 Xi

n

ECain ) = El XD = at Lz
tan is biased

Variant
.

I
12h



QUADRATIC RISK

1/4 Estimation

➤ Estimator's bias:  

➤ Estimator's variance:  

➤ Quadratic risk: 

bias = E[ ̂θn] − θ

variance = Var[ ̂θn]

risk = variance + bias2



EXERCISE

1/4 Estimation

X1, X2, ⋯, Xn ∼iid Ber(p)

̂pn =
∑n

i=1 Xi

n
̂pn = X1 + X2

2
⇐Cpi) -- p Etp) -- p
Varcpi)=P Varcpi )=Ph

z



HYPOTHESIS TESTING



X1, X2, ⋯, Xn ∼iid Ber(p)

HYPOTHESIS TESTING — TATUM'S 3 POINT SHOTS

2/4 Hypothesis Testing

➤ Tatum that he scores 80% at 3 pts. No more, no less.  
➤ Brown challenges Tatum… They collect data on Tatum 

shooting 3 pts. 
➤ n = 400,                                        

H0 : p = 0.8
H1 : p ≠ 0.8



HYPOTHESIS TESTING — TATUM'S 3 POINT SHOTS

2/4 Hypothesis Testing

➤ Let's build an estimator for the test: 

➤ If H0 is true, then, by the Central Limit Theorem:

n
̂pn − 0.8

0.8 × 0.2
  ≈  0(0,1)

pin = ; It ← unbiased
estimator

-

→ Tn In - E (Xi)
F.read



HYPOTHESIS TESTING — TATUM'S 3 POINT SHOTS

2/4 Hypothesis Testing

n
̂pn − 0.8

0.8 × 0.2
  = − 1.5

➤ Is it a plausible realisation for a Gaussian? 

ℙ( |Z | > 1.5) = 0.13ℙ( |Z | > 1.96) = 0.05

our



REJECTION SET

2/4 Hypothesis Testing

H0 : θ = 0.8
H1 : θ ≠ 0.8

H0 : θ = 0.8
H1 : θ < 0.8

| n
X̄n − 0.8
0.8 × 0.2

| < qα/2 n
X̄n − 0.8
0.8 × 0.2

< qα/2

Two - sided test one -sided test
>

2-ht Zn't

- -÷i
.

* .

e
it Zn* E run , zux If Eric- ga, -ga

is likely not from ⇒ Resect Zn" is unlikely from
"
Ho 's distribution " Ho ' ' Ho 's distribution "

HIFI



P-VALUES

2/4 Hypothesis Testing

H0 : θ = 0.8
H1 : θ ≠ 0.8

H0 : θ = 0.8
H1 : θ < 0.8

ℙ( |Z | > z*) ℙ(Z < z*)

*÷¥*i ÷t



TYPE 1 AND TYPE 2 ERRORS

2/4 Hypothesis Testing

Type terror : Reject Ho when it is true

Type 2 error : Accept Ho when He is True



STUDENT TEST

2/4 Hypothesis Testing

X1, X2, ⋯, Xn ∼iid 0(μ, σ2)

̂Sn =
∑n

i=1 (Xi − ̂Xn)2

n − 1

=I?
E f = In

0
unbiased
estimator



STUDENT TEST

2/4 Hypothesis Testing

n
̂Xn − μ

̂Sn
  ∼  tn−1 ̂Sn =

∑n
i=1 (Xi − ̂Xn)2

n − 1

↳gaussian



CONFIDENCE INTERVAL



CONFIDENCE INTERVALS

3/4 Confidence Intervals

H0 : θ = 0.8
H1 : θ ≠ 0.8

ℙ( | n
X̄n − μ

σ
| < 1.96) = 0.95

ℙ(X̄n − 1.96σ
n

< μ < X̄n + 1.96σ
n

) = 0.95

Bretz



EMPIRICALPROBABILISTIC

➤ Probability to get 1 is 1/6 
➤ Probability to get 2 is 1/6 
➤ … 
➤ Probability to get 6 is 1/6 
 

'aiming 'aiming'aiming'aiming'aiming'aiming'aiming'aiming'aiming'aiming'aiming'aiming'aiming
➤ 1, 1, 2, 3, 3, 4, 4, 5, 5, 6, 6, 6

E[X] = 1. 1
6 + 2. 1

6 + 3. 1
6 + 4. 1

6 + 5. 1
6 + 6. 1

6 = 3.5 E[X] = 1 + 1 + 2 + 3 + 3 + 4 + 4 + 5 + 5 + 6 + 6 + 6
12

E[X] = 1. 1
6 + 2. 1

12 + 3. 1
6 + 4. 1

6 + 5. 1
6 + 6. 3

12 = 3.8

3/4 Confidence Intervals



CONFIDENCE INTERVAL

➤ Empirical result: 3.8 
➤ 95% Confidence Interval 

➤ CI = [2.05, 5.35] 
➤ What does 95% interval mean? 

CI = [X̄n − 1.96s
n

, X̄n + 1.96s
n

]

3/4 Confidence Intervals



CONFIDENCE INTERVAL

➤ I launch 100 times 12 dices 
➤ 1.                     I compute CI1  
➤ 2.                     I compute CI2  
➤ … 
➤ 100.                     I compute CI100  
➤ My TRUE parameter shall be in at least 95 of these 100 

CIs. 

'aiming'aiming'aiming'aiming'aiming'aiming'aiming'aiming'aiming'aiming'aiming'aiming
'aiming'aiming'aiming'aiming'aiming'aiming'aiming'aiming'aiming'aiming'aiming'aiming

'aiming'aiming'aiming'aiming'aiming'aiming'aiming'aiming'aiming'aiming'aiming'aiming

3/4 Confidence Intervals



CONFIDENCE INTERVAL

'aiming'aiming'aiming'aiming'aiming'aiming'aiming'aiming'aiming'aiming'aiming'aiming

'aiming'aiming'aiming'aiming'aiming'aiming'aiming'aiming'aiming'aiming'aiming'aiming

3/4 Confidence Intervals



CONFIDENCE INTERVAL

➤ Remember, in real life cases, we do NOT know the 
TRUE parameter. In fact, the point of the CI is to allow 
us to estimate this TRUE parameter. 

➤ If the hypothesis is that the TRUE parameter is 3.5, it 
can be verified looking at the CI.  

➤ There is a 0.05 risk to make an error.

'aiming'aiming'aiming'aiming'aiming'aiming'aiming'aiming'aiming'aiming'aiming'aiming

3/4 Confidence Intervals



EMPIRICALPROBABILISTIC
➤ I reject the null hypothesis 

if my observation does not 
belong to the confidence 
interval. 

➤ I reject the null hypothesis 
if my observation seems 
implausible, meaning the 
probability that it is a 
Gaussian is less than 5%. 

3/4 Confidence Intervals



LINEAR REGRESSION



SIMPLE REGRESSION ANALYSIS

➤ Goal: To develop a model that relates two quantities 
➤ x: Independent (explanatory) variable; quantity 

sometimes under managerial control 
➤ Y: Dependent variable; quantity to be predicted —

magnitude is determined (in large part) by x

4/4 Linear Regression



EMPIRICAL WORLDPROBABILISTIC WORLD
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* estimated parameters
* hypothesis testing
* confidence intervals

Yi = b0 + b1Xi + ϵi Yi = ̂b0 + ̂b1Xi + ̂ϵi

4/4 Linear Regression



LINEAR REGRESSION

y
r n

^ + b. X

• .
•

o t b , ×

°
( truet
""

✓
& =

b| . . . .. . equating

• .
data
-X observations

y
r n

^ + b. X

O •
&

Ot
""

\ . •

.

.

.

-

•
data@

-X observations
* estimated parameters
* hypothesis testing
* confidence intervals

➤ Estimated values! Hypothesis testing? Confidence interval?
4/4 Linear Regression



PARAMETERS ESTIMATION④ How to estimate board bn ?

X

y. - - - -- - - ,

#
J

-

-
bits?'

t÷ii×÷:*.
Xi

e ;
residual

if ly i
- ji)! ;
I

. Cgi - bo -
b
.

tax tax
↳

deejay
-

.

.

ei = yi − ̂yi

4/4 Linear Regression



➤ Residuals 

➤ Sum squared of residuals 

➤ Minimize SSE with b0 and b1 

➤ Wait… where are b0 and b1?

PARAMETERS ESTIMATION

ei = yi − ̂yi

SSE =
n

∑
i

e2
i =

n

∑
i

(yi − ̂yi)2

̂yi = b0 + b1xi
4/4 Linear Regression



PARAMETERS ESTIMATION

SSE =
n

∑
i

(yi − b0 − b1xi)2 observed 
data

4/4 Linear Regression



MODEL

yi = b0 + b1xi + ϵi

4/4 Linear Regression



➤ What does it mean for b1 to be 0? 
➤ Let:               H0 (null hypothesis) b1 =0 
➤ How can we reject H0 based on the data?  
➤ Compute the Confidence Intervals!

INTERPRETATION

0
Reject H0

0Fait to Reject H0

0Reject H0

4/4 Linear Regression



EXAMPLE



CANDY BAGS

Example

➤ A candy manufacturer at MIT produces Bertie Bott's 
Every Flavour Beans. Each jelly bag contains candies 
that ALL have the same flavor (hence color). Further, 
the manufacturer claims that each bag contains at least 
49 candies. 

➤ Among 50 candy bags, the students found that there is 
between 41 and 55 candies, and 47.76 on average.  

➤ Do you think that the manufacturer's claim is fair? 
,
with a 6=4.42



CANDY BAGS

Example

n -- 50, X, , . . . , Xu
"nd X with El =p

XI -
- th i Xi = 47.76 0=4.42

Ho : yes, 4g
"
claim from manufacturer

[He : yes 4g one - sided test

" alternative possibility



CANDY BAGS

Example

Tf Xn~N1o,i) P( ZE - 1.98)
o

-
= 0.024

= - 1.98 [
lpforagausrian
to be more

0.05 extreme that¥1 the test value

1.967
- 1. but



CANDY BAGS

Example

The probability that the test
value is from the distribution

induced by Ho is less than 5%
.

We then REJECT Ho
.


